Finding the optimal rotation length for a forest when disease is present is an economically important decision 27 for a forest manager, since the arrival of pests and pathogens can lead to losses in market values through reduction 28 in growth, for example Dothistroma septosporum causes signicant defoliation which can greatly reduce growth 29
2.1
The model without disease 21 We develop a single rotation Hartman model of the NPV of an even-aged, monoculture forest which includes 22 the establishment cost (planting from bare land), the benet from harvesting the timber, and a non-timber 23 green payment (Hartman, 1976) . We assume that for a forest of area L (in hectares), the establishment costs 
An exponential discount factor, with rate r, is used to discount future revenue, from the timber harvest and the 2 green payment, back to the time of planting. Parameter denitions and baseline values are given in Table 1 . To 3 nd the optimal rotation length which maximises the NPV, we nd the rst-order condition by dierentiating 4 Equation (1) with respect to T which gives
Setting Equation (2) equal to zero and substituting the function for the revenue from harvesting we obtain 6
This implies that the optimal rotation length for the disease free system (T = T DF ), which maximises the 7 NPV, is given when the marginal gain from the relative growth in timber volume and the opportunity cost of 8 investment (left-hand side) is equal to the non-timber benets relative to the timber revenue (right-hand side). 9
The green payment is designed to increase the benet of retaining the cover of the current tree crop unharvested 10 for longer, and Equation (3) shows this since an increase in the green payment will increase the benet obtained 11 from delaying the harvest, and therefore increase the optimal rotation length. 12
Evaluating the second derivative at the optimal rotation length gives 13
which holds if timber volume has an increasing, concave function. 14
2.2
General model with disease 15 We now examine the eect of disease on the optimal rotation length. By scaling the revenue obtained from 16 timber of infected trees appropriately, we can represent the reduction in timber value caused by disease. We 17 rst introduce the NPV and the general disease system, and nally derive the rst-order condition which allows 18 us to show the eect of disease on the optimal rotation length. 19 Equation (1) represents the NPV for a forest of area L which remains disease free. We build on this model, 20 by assuming that the revenue obtained from the timber is dependent on the state of infection at that point in 21
time. Therefore the NPV can be given by 1Ĵ
where L(T ) denotes the eect of the disease on the total area of the forest (explained further below). The 2 establishment cost and green payment remain unchanged by disease. Furthermore, no action is taken to prevent 3 or treat disease spread and therefore there are no additional costs (for example through control or treatment). 4 Next we assume that a general disease system with N stages of progress is introduced to the forest. We denote the area of the forest covered by the tree crop in the ith stage by x i (T ) where 1 ≤ i ≤ N , and since no partial felling is undertaken the area of tree cover is conserved giving L = N i=1 x i (T ). If the disease has no eect on the timber, the revenue from timber in the ith stage of infection is pf (T )x i (T ). However, we assume that the disease reduces the value of timber (either through reduced quality or growth), so the revenue from timber at each stage is scaled by parameter ρ i where 0 ≤ ρ i ≤ 1. This means that timber may be aected dierently by disease at each stage. We can therefore represent the harvest revenue function for the forest as
where the eect of disease on the whole forest at time T is given by
Since the disease spreads throughout the forest as time increases, we specify a system of dierential equations (dx i /dt) which can be solved for x i (t), and substituted into the harvest revenue function (Equation (6b)). We are then able to proceed as before and nd the optimal rotation length using the rst-order condition. We can nd a general solution by dierentiating Equation (5) which gives
Setting Equation (8b) equal to zero and re-arranging we have 6
Equation (9) shows that the optimal rotation length (T = T D ) is obtained when the relative marginal benet of 1 waiting for one more instant of timber growth minus the discount rate (left-hand side) is equal to the relative 2 marginal cost of the disease spreading further and the benet of accruing the green payment (right-hand side). 3 We note that the left-hand side of this equation is the same as the system without disease (Equation (3)), and 4 see that in the absence of a green payment the inclusion of the disease will reduce the optimal rotation length 5 since L(T ) is a decreasing function (Macpherson et al., 2016) . When the green payment is positive, that is the 6 owner benets from the non-timber values of the forest, the optimal rotation length will increase, but without 7 knowing the magnitude of the terms (on the right-hand side) it is impossible to say what the net outcome will 8 be (compared with the disease-free case). 9
Evaluating the second derivative at the optimal rotation length gives 10
The sign of Equation (10) is unclear and dependent on the relative magnitude of the terms. Once the disease 11 system is specied, we can show that the optimal rotation length is always a maximum. 12 3 A numerical model 13 In order to examine the sensitivity of the optimal rotation length to changes in the disease parameters, we 14 specify the timber volume growth, f (T ), in section 3.1 and the disease system, L(T ), in section 3.2 15 
3.1
Timber volume function 16 In our framework the net benet at the end of the rotation is dependent on the function describing the volume 17 of timber, f (T ). In this paper we use a typical yield class 14 to dene the growth rate of Picea sitchensis (sitka tted curve (black) is produced using Equation (11) and the parameters are given in Table 1 . Separately, the modelled area of forest with infected trees (L − x(t)) against time is plotted with (b) xed external pressure and three values of disease transmission and (c) xed disease transmission and three values of external pressure (the parameter sets are given in Table 2 ). The optimal rotation length of the disease-free system, T DF , is shown as a vertical grey line.
Using the model output we can t a curve which has the form 1
where (T M , V M ) is the last data point. Forest Yield gave 185 years of output and in order to capture the shape 2 of the curve over time we t parameterb by setting f (200) = V M . Moreover, since we are examining the eect 3 of disease on the optimal rotation length, we include the full time horizon output. All parameter values are 4 given in Table 1 , and Figure 1 (a) shows the data points and tted curve given by Equation (11) . Since trees are 5 generally only harvested after they have reached 7 − 10 cm DBH, our model uses T 1 as a minimum harvesting 6 boundary (which we refer to throughout this paper), where the trees cannot be harvested before this time point. 7
3.2 Susceptible-Infected disease system 8 We now reduce the N -state epidemiological equations to a two-state, Susceptible-Infected (SI) system with x(t)
representing the area of the susceptible (not infected) part of the forest and y(t) the area of the infected part of the forest. The total area of forest remains constant over time (L = x(t) + y(t)), therefore the SI system can be written as 
Impact of disease on the whole forest at time T Equation (6) β Disease transmission coecient Table 2 P External inoculum pressure from disease Table 2 t 0.5
Time taken for the susceptible area to halve Table 2 ρ Revenue of timber from infected trees relative to that from uninfected trees 0 ≤ ρ ≤ 1 
which can be solved using the separation of variables method to give 6
In the general framework, L(t) is used to represent the eect of disease on the whole forest (Equation (6)). For 7 the SI system we have 8 (15) where ρ scales the revenue from timber that is infected (0 ≤ ρ ≤ 1). Setting ρ = 1 means that the disease has 9 no eect on the timber revenue from infected trees; conversely ρ = 0 means that the timber from infected trees 10 is worth nothing since L(t) = x(t).
11
The disease dynamics in Equation (14) are governed by the transmission coecient and an external inoculum 12 pressure (henceforth`external pressure'). We select six parameter sets (detailed in Table 2 : The disease parameter sets for each level of transmission coecient, β (`fast',`medium' and`slow') and external pressure of disease, P (`high',`moderate' and`low'). t 0.5 is the time taken (in years) for the infection to spread to half of the forest as described in Equation (16) . Disease progress curves for each parameter set are shown in Figure 1 (b) and (c). T DF is the optimal rotation length in the absence of disease and subsidies. * denotes the baseline value for the external pressure and disease transmission.
the characteristics of dierent diseases caused by dierent pathogen species. It may be possible to estimate 1 transmission coecients from epidemiological eld data, however interpreting and quantifying an appropriate 2 value of external pressure is more dicult. We therefore introduce another parameter t 0.5 , which is the time 3 taken for half of the forest to become infected, to describe the external pressure (by xing the disease transmission 4 coecient). Using Equation (14) we can nd this value by setting x(t 0.5 ) = 0.5L giving
We can equate t 0.5 to the disease-free rotation length, or proportions of it, to allow for an easy interpretation and (c) show disease progress curves generated for the parameter sets in Table 2 . (Note that we also give t 0.5 9 for the rst set of parameters when P is constant and β is xed this was done in order to nd appropriate 10 levels of β.) 11 
General results

12
In this section we use the timber volume function and disease system dened in section 3 to give further insight 13 into the results found in section 2. Many of the results cannot be obtained analytically, however we highlight 14 key trends which demonstrate the intricate relationship between the green payment and disease dynamics. 15 
4.1
No disease 16 First we analyse the system without disease to provide baseline results which can be used to measure the eect 17 of disease on the system. Recalling that the optimal rotation length is given by the rst-order condition in 18
Equation (3), we now substitute the timber volume function (Equation (13)) to obtain 1
Solving for the optimal rotation length (T = T DF ) we have
which exists when pr(V M + V 1 ) > s, sinceb < 0. When the value of the green payment when is greater than 3 this (let (let s (∞) be the value where s = pr(V M + V 1 )) then the optimal rotation length will be innite. When 4 s < s (∞) , the optimal rotation length is where the maximum NPV is achieved; that is where waiting for one more 5 instant of timber growth and non-timber benets (through the green payment) is equal to the opportunities 6 forgone (the prot which could be obtained from investing elsewhere, such as a bank). From Equation (18) 7 we see that an increase in green payment, s, will increase the optimal rotation length and maximum NPV. optimal strategy changing from clear-felling to not harvesting, thus altering the forest to a complete amenity 12 or protection forest (producing only non-timber benets). 13 
Disease 14
We now nd the optimal rotation length for the system with disease, T = T D , which maximises the NPV 15 in Equation (5) when the forest volume function is of the form of Equation (13), and the disease follows the 16 susceptible-infected framework shown in Equation (14). We know that disease reduces the optimal rotation 17 length in the absence of a green payment (Macpherson et al., 2016) , however without disease, the inclusion of 18 a green payment increases the optimal rotation length (Figure 2 ), thus creating a trade-o in the eects of the 19 green payment and the cost of the disease. An analytical solution for the optimal rotation length is intractable, 20 therefore we divide the system into two scenarios to carry out sensitivity analyses to the parameters controlling 21 the disease spread (β and P , by setting ρ = 0) in section 4.2.1, and the revenue from timber that is infected (ρ, by setting 0 ≤ ρ ≤ 1) in section 4.2.2. We only consider the parameter space greater than the minimum tree Other parameters can be found in Table 1 .
Sensitivity analysis to the disease characteristics 1
Setting ρ = 0 simplies the model, as the net benet of the timber at the end of the rotation is dependent on the area of healthy forest only, that is L(T ) = x(t) from Equation (7). Substituting this and the timber volume function (Equation (13)) into the rst order condition in Equation (9), we nd
Whilst we are unable to solve Equation (19b) analytically, we can use numerical optimisation to plot the 2 optimal rotation length (T = T D ) against the green payment in Figure 3 (a) . It is clear that the green payment 3 has a positive eect on the optimal rotation length for the four disease parameter sets shown (no disease, slow, 4 medium and fast disease transmission), and the disease has a negative eect on the optimal rotation length (for 5 each green payment value the optimal rotation length, when it exists, decreases as the disease transmission is 6 increased). A key point illustrated in Figure 3 (a) is that, like in the disease-free case, once a critical value of 7 green payment is realised (say s (∞) D , identied by the circles), it becomes optimal to never harvest the forest.
8
This occurs for the following reason. Without a green payment the (negative) NPV is initially equal to the 9 establishment costs. As time passes the trees grow and the revenue from selling the timber increases, howeverthe timber volume growth eventually saturates (Figure 1 (a) ), and thus the NPV reaches a maximum. If the 1 trees are not harvested, the timber revenue will then decrease as T → ∞ (due to a decline in timber growth, 2 discounting and disease), and the NPV tends to the establishment costs, W (L). Thus there is always one global 3 stationary point in time which maximises the NPV (the optimal rotation length). The inclusion of a green 4 payment, however, adds additional revenue (independent of tree growth and infection status) for as long as the 5 trees remain unharvested, and we nd that as T → ∞ thenĴ → S(L)/r − W (L). Therefore when the green 6 payment is large enough, S(L)/r − W (L) will be greater than the value obtained at any other point in the 7 rotation and thus it is optimal not to harvest. 8 We noted that in the disease-free case (Equation (18)) an innite optimal rotation length was produced as 9 s → s (∞) . However, when disease is included the switch to an innite rotation length occurs for much smaller green payments, s
, since disease reduces the revenue from the harvested timber and decreases the 11 benet from delaying harvest. (Equation (19a) also shows this since the green payment term is scaled by the 12 area of uninfected trees, 1/x(T ).) For the disease-free case we analytically found the green payment value, s (∞) , 13 however due to the complexity of the system we cannot nd the green payment value which triggers the switch. 14 Figure 3 (b) also highlights the interaction between the eects of disease and the green payment by plotting 15 the maximum NPV against the green payment value for the disease parameter sets. The decrease in the 16 maximum NPV due to disease is clear (by xing the green payment and comparing the maximum NPV for each 17 curve), and in some cases, despite harvesting at the optimal time, the maximum NPV is negative (this is true 18 for the fast transmission case in Figure 3 (b) ). Increasing the green payment can oset some of the losses made 19 from disease, however the maximum NPV for the system without disease is never achieved (for the same green 20 payment). 21 Further analysis in Figure 3 (c) shows the optimal rotation length for the system with disease, T D , against green payment values and disease transmission (with xed external pressure). Taking a horizontal transect (i.e. 23 xing the disease transmission) we can see that, as before, increases in the green payment lead to increases in 24 the optimal rotation length which, once a critical green payment is reached, switches to innity (represented 25 by the black parameter space). Taking a vertical transect (i.e. xing the green payment) we see that, as the 26 disease transmission is increased, the optimal rotation length decreases as it approaches the parameter space 27 where T D = ∞. We note that on the x-axis, the system simplies to the disease-free case (since β = 0), and the 28 optimal rotation length (for the system with disease) will not be greater than the system without disease when 29 it exists. Moreover, the parameter space where T D = ∞ (coloured black in Figure 3 (c) ) will meet the x-axis at 30 s = s (∞) (as would be seen if the x-axis range was extended).
31
We have carried out a similar sensitivity analysis to the external pressure of Equation (5) The external pressure of the disease is set at the baseline value. Three levels of transmission coecient, slow (solid black), medium (dashed black) and fast (dotted black), with parameter values as dened in Table 2, are shown, together with the system without disease (grey line; Equation (1)). The black circles indicate the green payment value where the optimal rotation length becomes innite . This analysis is extended in (c)
where the optimal rotation length is shown as the gradation in black-white shading across the s − β (green paymentdisease transmission) parameter space. The grey-scale on the right-hand side indicates the optimal rotation length (T D ) with the lower boundary equal to the minimum harvesting boundary, T 1 (white) and the upper boundary equalling an innite rotation length (black). Other parameters can be found in Table 1 and
eect on the optimal rotation length to a disease which arrives late and transmits fast. 1
4.2.2
Sensitivity analysis to the revenue from timber that is infected 2
In the previous scenario we assumed that the market value of timber from infected trees is zero (ρ = 0).
However, it is possible that timber from infected trees can still create some revenue, and in this section we aim to understand how this can inuence the optimal rotation length for a forest delivering multiple benets. Using the same method as before we substitute the function describing the infected forest, L(t) = x(t)(1 − ρ) + ρL, and timber volume function (Equation (13)) into the rst order condition (Equation (9)) and get
.
Equation (20b) is analytically intractable, however we use numerical optimisation (as before) for analysis of 1 the sensitivity of the optimal rotation length to ρ. An increase in the green payment will increase the optimal 2 rotation length independently of the disease characteristics and the value of timber from infected trees (Figure  3 4). However, it is interesting that for a level of green payment, decreasing the value of timber from infected 4 trees can result in either an increase or a decrease in the optimal rotation length. For example, when the disease 5 spread is slow, as ρ is decreased from 1 to 0 the optimal rotation length decreases when s ≤ 200, but increases 6 when s = 400 (Figure 4 (a) ). When the disease transmission is fast the behaviour is the same, although a 7 smaller green payment is required for the optimal rotation length to increase (a payment of s = 100 is sucient; 8 Figure 4 (b) ). This trend can be seen further in Figures 4 (c) and (d) where the optimal rotation length is shown 9 in a s − ρ parameter space for a slow-and fast-transmitting disease respectively. As the value of timber from 10 infected trees is decreased, the optimal rotation length will change depending on whether the green payment, s, and the green payment. The decline in the optimal rotation length as the timber value of infected trees decreases 17 is easily understood, because the NPV is reduced thus motivating an earlier harvest to increase the proportion 18 of timber from uninfected trees. The increase in the optimal rotation length when s > s
as the non-timber benets, which is dependent on the retention of unharvested trees, outweighing the timber 20 benets. When the disease spreads quickly (Figures 4 (b) and (d) ), most of the forest is infected by the time 21 the trees have grown above the minimum tree size harvesting boundary, and thus a majority of the timber is 22 subject to the reduced timber value. Therefore, there is a benet in letting the trees grow further before harvest 23 and thus accrue the green payment for non-timber benets. When the disease spreads slowly (Figures 4 (a In all gures, the external pressure is at the baseline value (see Table 2 ), and all other parameters are given in 
Equation (5). This means that as the disease spreads throughout the forest, both the timber benet and the 4 green payment will decrease (as would be the case, for instance, if the payment was based on the rate of carbon 5 sequestration through tree growth); meaning that waiting for one more instalment of green payment is less 6 desirable (compared with the case where disease does not aect the green payment). 7
Substituting S(L) = s L(T ) in to Equation (5) we can carry out a sensitivity analysis to the disease transmis-8 sion by setting ρ = 0 (so S(L) = sx(T )) in Figure 5 . As usual, increasing the value of the disease transmission 9 parameter decreases the optimal rotation length since there is an advantage to harvesting earlier due to the 10 decreasing value of timber and in this case non-timber benets. When the green payment is independent of 11 disease (section 4.2.2), we found that the optimal rotation length became innite, with a faster disease trans-12 mission requiring a smaller green payment (Figure 3 (c) ). In contrast, the opposite is now true: compared to 13 the system without disease (e.g. along the x-axis), a much larger green payment is required (s > s The optimal rotation length, T D , is shown as the gradation in black-white shading across the in a s − β parameter space (corresponding to variation in the relative value of disease transmission and green payments for non-timber benets). The grey-scale on the right-hand side indicates the optimal rotation length (T D ) with the lower boundary equal to the minimum harvesting boundary, T 1 (white) and the upper boundary equalling an innite rotation length (black). The green payment is dependent on the level of infection in the forest giving S(L) = s L(T ) in Equation (5) . The external pressure is set at the baseline value (see Table 2 ), and all other parameters are given in Table 1. 6 Summary and discussion 1 The interaction between the eects of the green payment and disease characteristics is the central issue for this 2 paper. We analysed the NPV of a forest where a disease arrived during the rotation, and found that the optimal 3 rotation length is obtained when the marginal benet of waiting for one more instant of timber growth and of 4 green payment, is equal to the opportunities forgone and the marginal cost of disease spreading further (section 5 2). In Macpherson et al. (2016) we showed that when timber from infected trees has no value, disease generally 6 decreases the optimal rotation length. However, here we show that the inclusion of a green payment based on 7 the area of the current tree crop that is retained unharvested, counteracts the eect of disease, since the green 8 payment incentivises the owner to delay harvesting. Moreover, at some critical level of green payment, the 9 optimal rotation length becomes innite. The faster the disease spreads, the smaller the critical green payment 10 needed to generate an innite optimal rotation length ( Figure 3) . Interestingly, the eect of forest carbon 11 payments, which has been explored many times before, has also been found to increase the optimal rotation 12 length (in the absence of disease) and in some cases make it optimal never to harvest (Van Kooten et al., 1995; 13
Price and Willis, 2011). 14 When the timber from infected trees has a positive value, we found an interesting interaction between the 15 impacts of disease spread, the eect of disease on timber value and the non-timber benets on optimal rotation 16 length. Decreasing the value of timber from infected trees can result in either an increase or a decrease in the 17 optimal rotation length dependent on the level of green payment (Figure 4 ). In summary, we have shown that 18 the inclusion of an annual, green payment for the non-timber benets of the forest will increase the optimal 19 rotation length. This acts in the opposite direction to disease and creates a trade-o between (i) waiting for 20 the disease to spread further and accruing more non-timber benets and (ii) harvesting earlier to maximise the 21 revenue from timber of infected trees. 22
In section 5 we tested the eect of the green payment being dependent on the infection status of the forest 23 and show that, in this case, the disease will most likely decrease the optimal rotation length and the switch 24 to the optimal rotation length being innite only occurs at much higher levels of green payment. This is a 25 key result and highlights the importance of model formulation, and that when modelling specic host-pathogen 26 systems, the eect of disease on both timber and non-timber benets should be considered carefully. 27
Several papers have examined the eect of catastrophic, abiotic events on forest owners' decision-making 28 He included the cost of non-timber benets (obtained through wilderness recreation), and found that while 31 the presence of re risk shortens the optimal rotation length, the inclusion of the non-timber benets had an 32 opposite eect and increased the optimal rotation length. Whilst we have a dierent model formulation (ourframework is deterministic opposed to stochastic), our overall results have notably similarities with those of 1 Englin et al. (2000) , but our nding of parameter spaces where the optimal rotation length becomes innite 2 were not found by Englin et al. (2000) . 3
Our ndings are important because it demonstrates the complex interaction between the timber and non-4 timber values of a forest in the presence of tree disease. However we have excluded many complexities, such as 5 multiple rotations, in order to examine this interaction clearly. We now address these simplications and future 6 work. Most optimal rotation length work considers multiple rotations where trees are perpetually planted and 7 harvested thus synonymously including the benet of the land (`land rent'). The inclusion of multiple rotation 8 analysis in the traditional sense (calculating the NPV over innite forest rotations), requires detailed knowledge 9 of the persistence of disease between rotations. For example, can the infected material live in the environment 10 after harvesting so that it aects future rotations; and if so how does this pressure change between rotations? 11
Moreover, if the disease does not carry over to the future rotations, then arguably the optimal rotation length of 12 the rotation with disease would be dierent from all future rotations without disease. Thus, the simplest way to 13 extend this model to include land rent from future rotations is to assume an annual payment after the harvest 14 at the end of the rotation. This can represent changing the land use or changing the tree species planted in the 15 following rotation, which may be necessary after an epidemic which retains infectious material within the site 16 It is interesting to note that, without the green payment, the optimum solution to the arrival of tree disease 18 is to shorten the rotation length, which not only reduces loss from timber revenue, but also removes a source 19 of infection, which may in turn reduce the transmission of the disease to neighbouring forests. In contrast the 20 inclusion of a green payment increases the optimal rotation length and thus the period of time that infected 21 trees are left standing and thus potentially acting as a reservoir of infection that can spread to surrounding 22 forests. It also increases the exposure time of these unhealthy (or even dead) trees to further disturbances such 23 as re, wind, pests and other pathogens (Spittlehouse and Stewart, 2004) . Never harvesting an infected forest 24 would be seen by many as irresponsible, especially for fast-spreading epidemics, and is contrary to government 25 prescriptions for some diseases such as P. ramorum in Great Britain (Forestry Commission Scotland, 2015) . 26
This highlights the importance of scaling and we are cautious of interpreting a strategy which was optimised 27 from a single forest owner's perspective at a landscape scale. To do this would require a dierent model 28 framework since the decision to harvest in each forest aects the risk of disease transmission to neighbouring 29 forests. One such framework is to use a network model (Keeling and Eames, 2005) . The nodes on the network 30 represent forest patches, owned by dierent managers, and are connected dependent on how the disease spreads. 31
For example, if infected inoculum disperse locally via spores then the distance between patches can be used to 32 determine the strength of connection and the likelihood of an un-infected patch becoming infected. Each forestthe decision of when to harvest a patch will be dependent not only on the patches infection status, but also on 1 the connected neighbours' patches infection status and harvesting decisions. This model could be contrasted 2 with a social planner's optimal strategy, where the social planner maximises the NPV of the network of patches. but we are not aware of any papers examining the optimal rotation length in on a landscape of forests under 8 dierent management areas (such as the private or social planner). 9
